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Abstract
We present a remarkable discretization of the classical Kepler prob-
lem which preserves its trajectories and all integrals of motion. The
points of any discrete orbit belong to an appropriate continuous tra-
jectory.
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In last years there is a growing interest in the subject of the geomet-
ric integration of ordinary differential equations [1]. Geometric integration
consists in numerical solution of differential equations while preserving some
physical or mathematical properties of the system exactly (i.e., up to round-
off error) [2]. In this Letter we propose a modification of this technique
focusing not only on properties of the continuous system but also on meth-
ods of generating its exact solutions. Similar approach is well known in the
case of integrable systems of nonlinear partial differential equations [3, 4].
In a recent paper [5] we discuss discretizations of the classical harmonic
oscillator equation x¨ = −x. One of these discretizations, namely
x
n+1 − 2xn + xn−1
4 sin2(h/2)
= −x
n
(1)
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turns out to be exact. Indeed, the general solution of (1)
x
n
= x0 cos(nh) +
x1 − x0 cosh
sin h
sin(nh) (2)
satisfies x
n
= x(hn), where the constant h is the time step and x(t) is the
solution of the equation x¨ = −x with the following initial data: x(0) = x0,
x˙(0) = (x1−x0 cos h)/ sin h. It means that the points of the discrete solution
x
n
coincide with the continuous solution x(t) evaluated at the discrete time-
lattice, and this equality is strictly satisfied for any n.
The existence of a discretization of this kind seems to be an exceptional
phenomenon. The list of differential equations for which exact discretizations
were found is rather short [6], although includes all ordinary differential equa-
tions with constant coefficients [6, 7]. Actually, it is not easy even to find
discretizations preserving the energy integral for one-dimensional Newton
equations, however in this case the problem of finding equations admitting
“integrable” discretizations is to some extent solved [8]. The algorithms
preserving both the symplectic form and the energy integral are often char-
acterized by variable time stepping [9, 10].
In this Letter we consider the classical Kepler problem
d~p
dt
= −k~r
r3
, ~p = m
d~r
dt
. (3)
We recall that the angular momentum ~L, the total energy E and the Runge-
Lenz vector ~A (pointing at the perihelium), namely
~L = ~r × ~p , E = (~p)
2
2m
− k
r
, ~A =
~p× ~L
m
− k~r
r
, (4)
are integrals of motion for (3). The exact solution ~r(t) is not known (except
some particular cases, e.g., circular orbits) but all trajectories (orbits) can be
exactly found. In polar coordinates all orbits are described by the formula
r =
p
1 + e cos(ϕ− ϕ0) , p =
L2
km
, e =
√
1 +
2EL2
mk2
, (5)
where ϕ0 is an arbitrary constant (the initial condition).
We are going to solve the following problem: find a discretization of
(3) which preserves all integrals of motion and, if possible, preserves the
trajectories.
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The existence of such discretization is far from being obvious. On the
contrary, in numerical approaches to the Kepler problem it was difficult to
preserve all the integrals of motion, not saying about the orbits [11]. Actually,
it is not easy to preserve even the energy integral [11, 12].
Fortunatelly, a discretization of this kind exists. What is more, this
algorithm is surprisingly simple:
∆~p
n
∆t
n
= − k~rn+1
αr2
n+1rn cos δ
, ~p
n
:= m
∆~r
n
∆t
n
, (6)
where
∆~r
n
= ~r
n+1 − ~rn , ∆~pn = ~pn+1 − ~pn , ∆tn = tn+1 − tn ,
and α and δ are constant parameters. The discrete time lattice t
n
is chosen in
such a way that the angle ∆
n
between ~r
n+1 and ~rn does not depend on n. We
denote the half of this angle by δ
n
. Therefore, by assumption, δ
n
= δ = const.
Note that ∆
n
= ∆ = 2δ and ~r
n
· ~r
n+1 = rnrn+1 cos∆. As initial data for
(6) we take: ~r0, ~r1 and ∆t0. The time step ∆tn can be computed using
the condition δ
n
= const, compare (12). In the continuum limit δ → 0.
Therefore, comparing (3) and (6), we see that in this limit α→ 1.
The discrete equation (6) has several remarkable properties. They are
very unusual as far as discrete analogues of continuous equations are con-
cerned. This discretization preserves all important properties of the Kepler
problem (3), including its integral of motions and its trajectories: elliptic, hy-
perbolic and parabolic orbits. The presence of the parameter α, not spoiling
advantages of this discretization, can be used to obtain a better simulation
of the continuous solutions by the discrete solutions. In this way we can fit,
for instance, the period of the elliptical orbit.
The integrals of motion for the discrete Kepler problem (6) are given by:
~L
n
= α~R
n
× ~p
n
, E
n
=
(~p
n
)2
2m
− k
αR
n
, ~A
n
=
~p
n
× ~L
n
m
− k
~R
n
R
n
.
where
~R
n
:=
r
n+1~rn + rn~rn+1
r
n
+ r
n+1
, R
n
:= |~R
n
| = 2rnrn+1 cos δ
r
n
+ r
n+1
. (7)
The vector ~R
n
has a simple geometric interpretation: the end of ~R
n
lies in
the center between the ends of ~r
n
and ~r
n+1 (in particular, ~Rn bisects the
3
angle between ~r
n
and ~r
n+1). The angular momentum can also be expressed
directly in terms of ~r
n
and ~r
n+1
~L
n
=
αm~r
n
× ~r
n+1
∆t
n
, L
n
∆t
n
= 2mαr
n+1rn sin δ cos δ . (8)
One can show by straightforward calculation that ~L
n
, E
n
and ~A
n
do not
depend on n. Indeed, the discrete Kepler equation (6) is equivalent to
~r
n+1
∆t
n
+
~r
n−1
∆t
n−1
=
(
1
∆t
n
+
1
∆t
n−1
− k∆tn−1
αmr2
n
r
n−1 cos δ
)
~r
n
. (9)
Therefore,
~L
n
− ~L
n−1 = αm~rn ×
(
~r
n+1
∆t
n
+
~r
n−1
∆t
n−1
)
= 0 .
Applying the second equation of (8) to L
n
= L
n−1 we get the identity
r
n+1∆tn−1 = rn−1∆tn . (10)
Then, using (6) and (10), we compute E
n
− E
n−1 = 0 and ~An − ~An−1 = 0.
All integrals of motion can be expressed by initial data: ~r0, ~r1 and ∆t0.
Now, we proceed to showing that the equation (9) yields an explicit nu-
merical scheme to produce ~r
n
from the initial data ~r0, ~r1 and ∆t0. The crucial
point is to find an appropriate iterative procedure for ∆t
n
. The equation (10)
is not sufficient because it contains r
n+1. We have to use the constancy of
δ
n
. Namely, δ
n
= δ implies (after elementary geometric considerations)
~r
n+1
r
n+1
+
~r
n−1
r
n−1
= 2 cos δ
~r
n
r
n
. (11)
We substitute (11) into (9), eliminate r
n+1 using (10), and as a result we
obtain(
2r
n−1 cos δ
∆t
n−1
− rn
∆t
n
− rn
∆t
n−1
+
k∆t
n−1
mr
n
r
n−1α cos δ
)
~r
n
r
n
= 0 ,
and it yields
∆t
n
=
∆t
n−1
2 cos δ
r
n−1
r
n
− 1 + krn−1(∆t0)
2
mr21r
2
0α cos δ
, (12)
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where we took into account r
n
r
n−1∆t0 = r1r0∆tn−1 which follows from the
angular momentum conservation law L
n−1 = L0. Therefore, the complete
explicit procedure of iterative computation of ~r
n
consists of two discrete
equations (9), (12) and initial data ~r0, ~r1, ∆t0.
In order to obtain trajectories for the continuous Kepler problem one has
to express the first two conservation laws (4) in polar coordinates. The same
approach is effective also in the discrete case. First, using (8) to eliminate
∆t
n
, we transform the expression for the kinetic energy obtaining
(~p
n
)2
2m
=
L2
m2α2(r
n+1rn)2
(
r
n+1 − rn
2 sin δ cos δ
)2
+
L2
m2α2r
n
r
n+1 cos2 δ
,
where L = |~L
n
|. Then, still in a direct analogy with the continuous case, we
introduce a new variable u
n
:
u
n
:=
1
r
n
− αkm cos δL2 , (13)
and the energy conservation law can be rewritten as
(u
n+1 − un)2
(2 sin δ)2
+ u
n+1un =
2mEα2 cos2 δ
L2 +
k2α2m2 cos2 δ
L4 , (14)
where E = E
n
and the right hand side of (14), although complicated, is
constant (does not depend on n). Sometimes it is convenient to use another,
equivalent, form of (14):
(
u
n+1 − un cos∆
sin∆
)2
+ u2
n
=
m2k2α2
L4
(
1 +
2EL2
mk2
)
. (15)
Both (14) and (15) can be interpreted as the energy integral for harmonic
oscillator equation. Indeed, (14) implies
u
n+1 − 2un + un−1
(2 sin δ)2
+ u
n
= 0 , (16)
which can be easily solved (compare (1), (2)):
u
n
= u0 cosn∆+
u1 − u0 cos∆
sin∆
sinn∆ , (17)
and, after an elementary trigonometric transformation, we get
u
n
=
ε
P cos(n∆− θ0) (18)
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where
tan θ0 =
u1 − u0 cos∆
u0 sin∆
, P = L
2
kmα
, ε =
√
1 +
2EL2
mk2
.
From (13) and (18) we obtain general expression for the orbits in the discrete
case:
r
n
=
P
cos δ + ε cos(n∆− θ0) . (19)
This formula is similar to (5). However, in order to obtain the exact dis-
cretization of the trajectory we have to require: P = p cos δ and ε = e cos δ,
which implies
L = L
√
α cos δ , E = E cos δ
α
− mk
2 sin2 δ
2αL2 cos δ
. (20)
In the case of a periodic motion (negative E) the parameter α can be
fixed by the requirement that the period of the motion in the discrete case
is the same as in the continuous case.
After this work was completed, I become aware of a sequence of papers
by Minesaki and Nakamura on discretizations preserving integrals of motion
[13, 14, 15, 16]. In particular, they also succeeded to preserve all integrals
of motion and the orbits in the case of the Kepler problem. However, the
method used in my paper is different from their approach. It would be
interesting to compare results generated by both discretizations.
Acknowledgments. The work was partially supported by the KBN grant
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